Abstract. We count labeled acyclic digraphs according to the number sources, sinks, and edges. To nd a recurrence for A n (t; ), we take an acyclic digraph and add some new vertices as sources. In the digraph we obtain, the new vertices will be a subset of the set of sources.
Abstract. We count labeled acyclic digraphs according to the number sources, sinks, and edges. To nd a recurrence for A n (t; ), we take an acyclic digraph and add some new vertices as sources. In the digraph we obtain, the new vertices will be a subset of the set of sources. Lemma 1. (1 + t) j(n?j) n j j A n?j (t) = A n (t; + 1):
Proof. We count triples (S; D; E), where S is a subset of n], D is an acyclic digraph on n]?S, and E is a subset of the set S ( n] ? S). We think of the elements of E as edges from S to D. To a triple (S; D; E) we assign the weight j t e , where j is the size of S and e is the total number of edges in E and in D. It is clear that the sum of the weights of these triples in which jSj = j is (1 + t) j(n?j) ? n j j A n?j (t), and summing on j yields the left side of (1). To a triple (S; D; E) we may associate the pair (S; D 0 ) in which D 0 is the digraph on n] whose edges are those of D together with the edges in E. Note that S is a subset of the set of sources of D 0 . It is easily seen that this correspondence gives a bijection from triples (S; D; E) to pairs (S; D 0 ) in which D 0 is an acyclic digraph on n] and S is a subset of the set of sources of D 0 . This proves (1) .
In working with recurrences like (1), generating functions of the form 1 X n=0 a n x n (1 + t) ( (1 + t) j(n?j) n j a j b n?j = c n is equivalent to the generating function equation
For some further applications of these generating functions, which we call graphic generating functions, see 5] and 6].
We can now express a generating function for A n (t; ) in terms of the power series
Proof. Multiplying (1) by x n =(1 + t) ( n 2 ) n! and summing on n yields
Now let us set = ?1 in (3). Since every digraph with at least one vertex has a source, A n (t; 0) = 0 for n > 0. Thus we obtain
and so
Replacing with ? 1 in (3), and using (4), yields (2).
Formula (4) was found (with t = 1) by Robinson 9 ] (see also Stanley 11] and Rodionov 10] ). If we equate coe cients of k in (2), we nd that the graphic generating function for acyclic digraphs with k sources is
as shown by Liskovets 7] .
The approach used to derive Lemma 1 can also be applied to other types of acyclic digraphs. For example, in counting acyclic functional digraphs, a new vertex can be added as a source to a digraph with m vertices in m ways. We obtain the following analogue of Lemma 1:
Proposition. Let 
If we multiply (5) by x n =n! and sum on n, we get 2. Counting acyclic digraphs by sources and sinks. We now count acyclic graphs by sources and sinks (vertices of outdegree zero). We use the same idea as before: starting with an acyclic digraph, we add some additional vertices as sources and some additional vertices as sinks. There is a small complication that arises for vertices that are both sources and sinks, but it is easy to deal with. C n (t; ; ) x n n! ;
where 1 X n=0 C n (t; ; ) x n (1 + t) (
Proof. Since any acyclic digraph consists of an acyclic digraph without isolated vertices together with a set of isolated vertices, we have the recurrence B n (t; ; ; ) = B n (t; ; ; 0) x n n! :
Now let C n (t; ; ) = B n (t; ; ; + ? 1). Then (7) follows from (9), and (8) follows from (6) and (4).
The polynomials B n (t; ; ; ) are easily computed from (7) and (8) . Note that (7) is an exponential generating function, whereas (8) 
